Particle-driven gravity currents are suspensions of dense particles that spread into an ambient fluid due to the difference between the density of the suspension and that of the ambient fluid. In most of the analytical works, it has been assumed that the suspension of particles possess a single settling velocity. However in many situations this is a considerable simplification and in virtually all real situations there is a range of particle sizes, and hence settling velocities. In the present work we consider the propagation of a high-Reynolds-number gravity current driven by a bi-disperse distribution of two types of particles in fluid of density ρ a propagating along a channel into an ambient fluid of the density ρ a . The bottom and top of the channel are at z = 0, H and the cross-section is given by the power-law f(z). The flow is modeled by the one-layer shallow-water equations. We solve the problem by the finite-difference numerical code to present typical height h(x,t), velocity u(x,t) and volume fractions of particles profiles. We demonstrate that in some regimes it is sufficient to deduce the behavior of the suspension to the corresponding monodisperse suspension of average settling velocity. The numerical results are confirmed by recent experimental results.
Introduction
Particle-driven gravity currents (GC) are suspensions of dense particles that spread into an ambient fluid due to the difference between the density of the suspension and that of the ambient fluid. During the evolution of the current, particles continually sediment and are deposited from the flow, thus reducing the excess density of the suspension and the driving buoyancy force. There is hence significant coupling between the dynamics of the current and the transport of the particles. Particle-driven gravity currents are important in many environmental and geological situations. These include volcanic ash flows, when the interstitial fluid is a gas (Sparks et al. [9] ), turbidity currents in the ocean, when the interstitial fluid is a liquid (Simpson [8] ) and the particle-laden plumes arising from water-injection dredging (Hallworth et al. [2] ).
Useful experimental data in V-shaped cross-section valleys were presented by Monaghan et al ( [7] ) for monodispersed and by Mériaux & Kurz-Besson [5] for bi-dispersed particulate gravity currents. However, the available information covers a very restricted parameter range, as all the experiments were performed with a full-depth lock at H = 1, where H is the depth ratio of ambient to lock fluids. It is known that a full-depth lock is a very special configuration (Ungarish [10] ) and that H is an important dimensionless governing parameter in the behavior of the current, therefore a reliable comparison between theory and experiments must be over a range H.
In this work we develop a one-layer shallow-water (SW) model. The present formulation is new and is an extension of the work of Zemach [14] for bidisperse particle-driven gravity currents: the problem is formulated in terms of the height h of the interface, speed u (averaged over the area of the current) and scaled volume fraction variables φ 1 and φ 2 as functions of x and t (time). The dimensionless variables and the equations of motion are modified due to φ 1 and φ 2 and additional diffusion equation is formulated. The front boundary condition is also updated. The limitations of the classical one-layer SW model are relevant also in the present case. On the other hand, this model has also some good qualities, which we expect that will carry over to our more complex configuration. Due to its simplicity, it is possible to extract by efficient numerical methods clear-cut insights, and fairly good quantitative results, concerning the influence of the governing parameters, stages of propagation, position of the nose x N (t), and local averaged speed, thickness and sediment as functions of x and t.
The structure of the paper is as follows. In Sec. 2, the shallow-water model is presented. This model includes the shallow-water one-layer equations of motion and the appropriate initial and boundary conditions. We solve this problem numerically and demonstrate the results of finite-difference SW solution for typical power-law cross-sections in Sec. 3. The results are compared with the available experimental data in the same section. Finally, in Sec. 4 some concluding remarks are given. 
Formulation
Consider a particle-driven gravity current created by release of a well-mixed bidispersed suspension into an ambient fluid of constant density ρ a and propagating in a horizontal channel of a uniform in the xdirection cross-section shape. The system under consideration is sketched in Fig. 1-2 : the bottom and the top of the half-infinite channel are at z = 0 and z = H and its side-walls are given by power-law functions y = − f 1 (z) = −z α and y = f 2 (z) = z α . Gravity acts in the −z direction. The current propagates in the positive x-direction. The fluid making up the current, is considered to be a suspension generated by an interstitial fluid of density ρ a and kinematic viscosity ν and the two types of small heavy particles of densities ρ (1) p and ρ (2) p and corresponding radii a (1) p and a (2) p . The corresponding concentrations of the particles are κ (1) (x, z,t) with initial value κ (1) 0 and κ (2) (x, z,t) with initial value κ (2) 0 . The concentration of the interstitial fluid is (1 − κ (1) − κ (2) ).
We define the following density ratio parameters:
The effective density of the suspension making up the current, ρ c , is given by:
Let A c and A T denote the total cross section of the current and the total of the channel:
The inviscid equations of motion, valid in both suspension and pure fluid regions, are the continuity equation, the momentum balances in the x direction and the conservation, or "diffusion" equation for the volume fraction in the suspension for each type of particles. Let the subscripts c and a denote the current and the ambient domains. The ambient fluid of density ρ a and no particles (κ a = 0) is assumed to be in no-motion (u a = v a = w a = 0). The fluid of the initial current remains part of the current in the domain 0 ≤ z ≤ h(x,t). The dispersed particles settle out from the current only at the bottom with constant dimensionless velocity calculated from the Stokes formula. The Reynolds number of the horizontal flow, Re = h N u N /ν, where the subscript N denotes value associated with the nose of the current, is assumed to be large.
It is convenient to use dimensionless variables defined as follows (here the dimensional variables are denoted by an asterisk):
p )h 0 ) 1/2 and T = x 0 /U. We introduce the scaled volume fraction variables
and the scaled Stokes settling velocities of the particles:
where
is the Stokesian settling speed of a small heavy particle. We are interested in cases with small β (i) ,(i = 1, 2), otherwise the particles settle out from the fluid during a relatively short propagation.
The governing equations
The shallow-water equations of motion can be obtained for the height of the current h, averaged velocity u and particle volume fractions φ (1) and φ (2) from the Euler equations, using the pressure gradient of the current and by the averaging the velocity of the current over a cross-section:
The system (2.7) is hyperbolic. The eigenvalues of the matrix of coefficients are given by
Consequently, the relationships between the variables on the characteristics are as follows:
Initial and boundary conditions
The initial and boundary conditions are
0 at t = 0 in the lock 0 ≤ x ≤ 1 and u = 0 at the backwall x = 0.
The speed boundary condition for the nose, in dimensionless form, is given by
where a = h N /H and Fr(a) is Froude number function (see Ungarish [11] and Zemach [14] ):
To our best knowledge, the closed formulation of the general problem developed here is novel and has not been published before. For α = 0 and β (i) = 0, (i = 1, 2) the model becomes the formulation of bidisperse particle-driven gravity currents in the rectangular channels (Harris et al [3] ). Indeed, the equations and the boundary conditions are identical, however Harris et. al. employed experimental correlation for the Fr number which distinguishes from ones used here. The numerical solutions obtained from our model for this configuration are similar to that of Harris for any of governing parameters. For β (i) = 0, (i = 1, 2) and for a given cross-section-width function f (z) = z α , the model becomes identical to the theory of gravity currents propagating in the non-rectangular cross-section channels (Zemach & Ungarish [13] ). This theory was verified by comparison between the SW and experimental results and a good agreement was found between the theory and the data for a V-shaped valley f (z) = z (Ungarish et al. [12] ). For 0 < β (1,2) ≪ 1 and for a given cross-section-width function f (z) = z α , the model becomes identical to the SW theory of monodisperse gravity currents propagating in the non-rectangular cross-section channels (Zemach [14] ). This theory was supported by the experimental data and a good agreement was found between the theory and the data for a V-shaped valley f (z) = z (Mériaux et al. [6] ).
Finite-difference results
We use a two-step Lax-Wendroff finite-difference method to obtain numerically the height h(x,t), the velocity u(x,t) and the distance of propagation x N (t) of the current and the concentrations of the particles φ (1) (x,t) and φ (2) (x,t) from the system of equations (2.7), using the initial and boundary conditions (2.11). To keep the current in the fixed domain, the x-coordinate was mapped into the coordinate η = x/x N (t), where 0 ≤ η ≤ 1. The free parameters of the problem are: (1) the height of the ambient H; (2) the geometry of the channel, described by parameter α for f (z) = z α ; and (3) the settling velocities: β (1) and β (2) . The SW results displayed here were obtained with, typically, 200 grid points in the [0, x N ] interval, and time step of 1 · 10 −3 . (Convergence was tested also on finer grids.) The typical behavior of the bidisperse currents spreading in channels of power-law cross-section forms f (z) = z α into a deep ambient (H = 10) is shown in Fig. 3 -6 for α = 1.0, 2.0. Here β 1 = 2.5 · 10 −3 and β 2 = 7β 1 .
We recall that only β 1 ≪ 1 (and so β 2 ≪ 1)cases are of interest. As for the homogeneous and monodispersed currents propagating in channels of power-law cross-section (see Zemach & Ungarish [13] , Zemach [14] ), either here we can distinguish between three main stages of propagation.
The initial slumping stage is characterized by the constant value of the velocity of the nose u N , accompanied by a constant value of the nose height h N .
The next stage of propagation is characterized by the decreasing height of the nose and speed. This stage is a transient during which the current approaches the last, third stage -a similarity solution. The transition is smooth and it is therefore not possible to give a clear-cut statement when this intermediary phase ends. The long-time profiles display a tendency to self-similar behavior, which can be identified by a "tail down -nose up" form of height h. It can be observed that the main presence of the particle-driven current is concentrated near the front. The tail is thin and dilute.
Additional insights were obtained by further comparison between the prediction of distance of propagation x N : the fastest current is obtained for the largest tested α. We note that although the quantitative results are dependent on the geometry of the channel, the qualitative results shown here are similar for all tested types of cross-sections. We recognized three stages of propagation, however, the duration of each stage of propagation strongly depends on the geometry of the channel. We found that the speed of propagation increases with the tendency of the channel to expand in z direction. The thickness of the sediment at the end of the propagation at the nose region is much smaller than in the region of the tail. Fig. 7 presents a comparison between the present SW results obtained from the SW model with the available experimental results reported by Mériaux et al. [6] (experiments 3 and 4 in that paper) for bidisperse particulate currents in containers of triangle cross-section with H = 1.0, f (z) = z. As we can see, the laboratory values of the position of the nose, x N , as function of t is fairly well reproduced by the SW results. To investigate whether the distance of propagation and, in particular, runout of the bi-disperse systems may be approximated by an equivalent monodisperse current, we introduce an average settling velocity β :
We note that the main difference between the bi-and monodisperse currents is that the rate of sedimentation is different for each of the classes of particles. We plot in Fig. 7 the distance of propagation, predicted by the monodispersed current with average settling velocity, defined by (3.1). As we can see for a given fulldepth configuration in triangle channel, the distance of propagation of the bi-disperse currents is reproduced well by the monodispersed currents of average settling velocity .This confirms the idea that at early times bi-disperse currents behave like monodisperse currents with an average settling velocity (Harris et al [3] ). The general agreement between the theory and experiments is reasonable.
Summary
In this study we have developed a theoretical model of gravity current flows driven by bi-disperse suspensions of particles in channels of non-rectangular cross sections. A Boussinesq one-layer shallow-water model was used. The governing equations were derived from first principles, without adjustable constants. To our knowledge, the closed formulation of the general problem developed here is novel and has not been published before. To solve the SW problem, we employed a simple finite-difference code based on a LaxWendroff two-step method. In all the tested cases, the numerical solution of the SW model was obtained within insignificant computational effort on a simple laptop computer. The application of the SW model was illustrated for power-law cross-sections with f (z) = z α the detailed analysis of the current during all stages of its propagation was done. We recognized that for all tested types of channels, the current has three main stages of propagation: an initial slumping stage with constant speed and hight of the front, followed by a stage of decreasing speed and height, and then a phase of self-similar behavior in which the current has an typical "nose-up"-"tail-down" form. The details of the flow, however, depend strongly on the shape function. In particular, the speed of propagation increases with the tendency of the channel to expand in z direction (e.g., it is larger for f (z) = z 2 than for f (z) = z). It was observed that the main presence of the current is concentrated near the front. The tail is thin and dilute. As expected, the thickness of the sediment at the end of the propagation at the nose region is much smaller than in the region of the tail. We demonstrated that at early times bi-disperse currents behave like monodisperse currents with an average settling velocity. The general agreement between the theory and experiments is good.
